Abstract. This workshop has focused on three areas in mathematical quantum field theory and their interrelations: 1) conformal field theory, 2) constructions of interacting models of quantum field theory by various methods, and 3) several approaches studying the interplay of quantum field theory and gravity.
Introduction by the Organisers
Several decades after its invention, quantum field theory (QFT) remains the basis of the theoretical understanding of elementary particle physics, and an important tool in the study of condensed matter systems, making it a topic of prime interests for many physicists. But in view of the rich mathematical structure of QFT, and the many different formulations it allows, QFT is by now also a field of research in mathematics, acting as a bridge for the interchange of ideas, concepts and methods between mathematics and theoretical physics. On the one hand, it is widely expected that new mathematical insights are needed in order to make further progress on the many open questions in QFT, regarding for example the mathematical status of concrete field theoretic models. On the other hand, the structures found within QFT provide a major stimulus and incentive for pushing forward the current frontiers of mathematics.
The workshop "Recent mathematical developments in quantum field theory" focused on several topics connected to this interplay between physics and mathematics.
A particularly well developed area within QFT is the field of conformal QFT, in which the usual Poincaré symmetry group is dramatically enlarged to the conformal group, leading to many special features and simplifications. The simplifications are particularly drastic in two spacetime dimensions, and, as a result, such theories can to some extent be classified, and many models are more or less exactly solvable. As a striking example of this, Teschner gave a talk on the solution of Liouville field theory on a two-dimensional cylinder.
Recently, also the analysis of conformal field theories in more than two dimensions by "bootstrap methods" has again been a very active area of research. Schomerus reported on this program and explained how solutions can be approached by mapping conformal blocks of 4-point functions to quantum mechanical eigenfunctions of a specific Pöschl-Teller Hamiltonian in one dimension.
Complementary to explicit model constructions, there exist also (several) welldeveloped operator algebraic approaches to conformal field theory. Kawahigashi gave a talk on chiral heterotic theories within the operator-algebraic formulation of conformal field theory, and Carpi reported on recent progress in understanding the relations of this approach with the one based on vertex operator algebras.
In the absence of conformal invariance, the construction of models with nontrivial interaction becomes even harder. Depending on the type of model, several different methods have been developed, such as functional integral methods, renormalization group approaches, operator product expansions, inverse scattering, or operator algebraic methods. A number of talks in the workshop presented current developments in these subjects: Fröb gave a talk on the operator product expansion in Yang Mills theory as a short-distance expansion in a perturbative setting, and in particular presented novel functional equations for these quantities which can be used to construct them order-by-order in perturbation theory, and possibly even non-perturbatively. The talk of Imbrie focused on the use of renormalization group methods in the construction of the eigenstates of a many-body Hamiltonian displaying the phenomenon of many-body localization. While his concrete model was non-relativistic, the methods are related to those of constructive QFT which feature a delicate diagrammatic analysis involving large versus small field decompositions. The talk by Knörrer described an ongoing long-term research program (in collaboration with Balaban, Feldman and Trubowitz) on the construction of correlation functions and thermodynamic quantities for an interacting Bose gas, based on a functional integral representation. This model is a non-relativistic, yet very ambitious test case for renormalization group techniques developed originally for QFTs since it aims in particular at a rigorous control of spontaneous symmetry breaking and the Goldstone modes related to Bose-Einstein condensation.
A completely different perspective on the construction problem in QFT was given by Jäkel, who presented a research program aiming at the construction of QFTs on deSitter space with the help of Tomita-Takesaki modular theory, where the interaction is meant to be encoded not in terms of a Lagrangian density, but rather in terms of a suitable vector from the canonical cone of a von Neumann algebra w.r.t. the "vacuum" state. Also the talk by Cadamuro was dedicated to the construction of certain (integrable) two-dimensional QFTs using operator algebraic techniques, this time focusing on inverse scattering theory and bound states. In such integrable models, the (two-particle) S-matrix is simple enough to be usable as a meaningful description of the interaction.
In a general QFT in higher dimensions, this is far from being true, and also the understanding of scattering theory is by no means as complete as in the nonrelativistic case of quantum mechanics. Dybalski gave a talk on the current state of the art regarding asymptotic completeness in QFT.
In the last 10 years, interesting progress has been made in the study of the "Grosse-Wulkenhaar model", a four-dimensional QFT which was originally motivated by QFT on a (Euclidean) non-commutative space. This model has seen several variations and refinements, and can now be formulated as a QFT on the usual (commutative) four-dimensional Euclidean space. As Wulkenhaar explained in his talk, this model shows certain aspects of integrability despite living in higher dimensions, and there is partial evidence that it might be possible to translate it to a Minkowski QFT by a Wick rotation.
Another talk related to constructive field theory was given by Chandra, who reported on recent progress in the theory of stochastic PDEs. Such theories have a close relationship with QFTs on Euclidean space, and in fact can be seen as an alternative route to a (non-perturbative) construction of such models. In his talk, he reviewed some of the recent progress in this area due in particular to Hairer, Gubinelli, and others. He then explained how a BPHZ theorem can be formulated within Hairer's theory of regularity structures for certain types of stochastic PDEs corresponding to super-renormalizable QFT models, providing thus a new approach to these types of QFTs at the non-perturbative level.
The third main topic of the workshop was the question about the combination of QFT with gravity, a subject that has attracted considerable attention for decades. Several approaches exist, ranging from studying QFT on fixed but curved Lorentzian spacetimes, string theory, loop quantum gravity, to attempts of establishing quantum theories of gravity by quantization of classical general relativity.
Hack reported on a research program on a perturbative quantization of gravity and applications to cosmology, making use of the framework of perturbative algebraic quantum field theory. A very different approach to the problem of quantizing gravity in four dimensions was presented by Rivasseau: "Tensor field theory" draws its inspiration from Regge calculus, random matrix theory and 2D gravity, and views quantum gravity as a theory of random geometries formulated in terms of random tensors, which is then investigated with renormalization group methods.
Bär and Sanders gave talks within the setting of quantum field theories on curved but classical spacetimes. Bär presented a new type of index theorem for Dirac operators on globally hyperbolic spacetime with spin structures and discussed how this result can be applied to understanding anomalies. Sanders' talk was about a generalization of so-called "modular nuclearity conditions" to QFT on curved spacetimes and the use of this concept for characterizing states as well as for obtaining estimates on entanglement entropies.
At the interface of conformal field theory and QFT on curved spacetimes there also lies research on the famous AdS-CFT correspondence. We had three talks on different aspects of this subject. Gottschalk reviewed the correspondence in the Euclidean setting and presented particular results in a model example for this theory based on the Liouville model. Samberg talked about p-adic AdS-CFT which can be seen as a toy model for the more familiar Euclidean AdS-CFT. Following well-known methodology in number theory, the idea is to replace the continuous hyperbolic space given by the Euclidean AdS by a discrete hyperbolic space, namely, an infinite tree whose conformal boundary is most elegantly described in terms of the field Q p of p-adic numbers. Also related to the AdS-CFT correspondence, Zahn gave a talk about a holographic relation concerning a massive scalar field on (d + 1)-dimensional Minkowski space with a d-dimensional boundary.
The topic of QFT on curved spacetimes was also the subject of a special evening lecture by Wald. His talk was devoted to the question of "information loss" in the context of black hole evaporation, and gave a critical overview of the lively debate of this question in the current literature/media. 
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